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Abstract

In a recent paper of the same title [J. Non-Equilib. Thermodyn., 15 (1990), 151],
Liboff observed that the fine-grained Gibbs entropy of a canonical Hamiltonian
system remains constant in time even for Hamiltonians that are not even in
momenta and consequently violate time-reversal invariance (TRI). Here we
extend this observation to non-canonical Hamiltonian systems, including
systems with singular Poisson tensors and pseudo-Hamiltonian systems that
violate the Jacobi identity. Necessary and sufficient conditions are given for the
Gibbs entropy to be constant in such systems. The concept of TRI is not in
general meaningful for such systems, but it is shown that systems with constant
entropy are always microscopically reversible in the Poincare recurrence sense,
which implies that H- (Lyapunov) functions do not exist. This result applies as
a special case to canonical systems, regardless of whether or not they obey TRI.
A distinction should therefore be drawn between microscopic reversibility and
TRI.

1. Introduction

Liboff [1] has recently reconsidered the relationships between microscopic
irreversibility, Gibbs entropy, and the Liouville equation in Hamiltonian
systems. He observed that the fine-grained Gibbs entropy remains constant in
time for systems whose Hamiltonians are not even functions of the canonical
momenta and consequently do not satisfy time-reversal invariance (TRI). Such
systems are commonly regarded as microscopically irreversible. Our purpose
here is to consider these issues and relationships within the more general context
of non-canonical Hamiltonian dynamics, which includes the canonical systems
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treated by Liboff as special cases. We obtain necessary and sufficient conditions
for the entropy to remain constant in time for arbitrary non-canonical
Hamiltonian systems. These conditions do not involve the Jacobi identity or the
inverse of the Poisson tensor, so they apply to Hamiltonian systems with singular
Poisson tensors [2] as well as to pseudo-Hamiltonian systems which violate the
Jacobi identity.
The concept of TRI is not generally meaningful in non-canonical systems, where
the variables do not in general represent coordinates and momenta. This
observation suggests that, contrary to the prevalent view, TRI is not appropriate
as a general criterion for microscopic reversibility. One is therefore led to seek
other more general criteria. An old and obvious candidate is the presence or
absence of Poincare recurrences. We readily show that Hamiltonian systems for
which the entropy is constant in time, whether canonical or not, necessarily obey
the Poincare recurrence theorem. The microscopic dynamics is then reversible in
the sense that any previous microstate of the system will eventually recur to any
desired degree of accuracy, which in turn implies that the system cannot possess
an H- or Lyapunov function of the microscopic variables from which the arrow
of time could be inferred. These results apply to canonical Hamiltonian systems
as special cases, regardless of whether or not they obey TRI.

2. Non-canonical Hamiltonian systems
We consider an arbitrary non-canonical Hamiltonian system of the form [3, 4]

* = 3l VH,

(1)

where ÷ = (x^x2, ...,.%) is the vector of microscopic dynamical variables
(including both position and momentum variables, if such are present), H(x) is
the Hamiltonian function, F = d/dx, and the tensor 31 (x) is antisymmetric. This
antisymmetry implies at once that Ç is a constant of the motion, since
H = V H · 3l · F/f = 0. Canonical Hamiltonian dynamics is a special case of
the above formulation in which N is even, ÷ = (q±9p^9 q2>P2> ···* 3W/2* PAT/I)*
and 3Ú is the constant tensor whose only nonzero elements are
A,k + i = -Ë + é,Ë = (1/2)[1 + (-l)*+1l· The cases treated by Liboff [1] were
canonical.
The time derivative of an arbitrary function F(x) is given by
F= FF 31 VH={F,H}9

(2)

where the Poisson bracket {,} is defined by

(3)
which is manifestly antisymmetric. It is therefore natural to refer to 31 as the
Poisson tensor [2].
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The canonical Poisson tensor is nonsingular, but this need not be so in
noncanonical cases. In particular, the Poisson tensor is always singular in
systems of an odd number of variables (i.e., half-integral degrees of freedom) [2].
The present development does not involve the inverse of 51, so it applies equally
to systems with singular and nonsingular Poisson tensors.
In true Hamiltonian systems, the Poisson bracket satisfies the Jacobi identity,
which can be expressed as a condition on the Poisson tensor [2,5]. Systems of the
form (1) which violate the Jacobi identity may be referred to as
pseudo-Hamiltonian. The Jacobi identity is essential for some purposes [5] but
not for others [4]. It plays no role in the present development, which therefore
applies to both pseudo- and true Hamiltonian systems. For brevity we shall
loosely refer to both types of systems as Hamiltonian.

3. Liouville equation and Gibbs entropy
Consider now an ensemble of similar non-canonical Hamiltonian systems, each
of which is governed by equation (1) but which differ in their initial conditions
according to an arbitrary initial distribution ñ0(-*0· The time evolution of the
probability distribution ñ (JE, t) is governed by the Liouville equation [6]
d6/dt= -Ñ·(ñ31· VH}= -[Ã·(ñ«0] · VH,

(4)

where the second equality follows from the fact that 91: W H = 0 due to the
antisymmetry of 21. The fine-grained Gibbs entropy of the probability distribution is given by [6]
S(i) = -Idxq(x9 f)ln[*1/2(*)e(*, f)] ,

(5)

where g (÷) is the determinant of the metric tensor in jt-space [7, 8]. The presence
of g is necessary to define the volume element in jc-space (which is g~ 1/2 dx) and
to ensure that the entropy is properly covariant with respect to arbitrary
nonlinear variable transformations [6]. If the variables ÷ constitute a "natural
representation" [7] of the microscopic state of the system, then g(x) is unity. In
the canonical case, the canonical coordinates and momenta constitute a natural
representation, since the volume element in canonical phase space is simply
dx = dqdp.
The time derivative of the entropy S is given by [6]
$(t) = fdxQ(x,t)D(x)9

(6)

where D is the covariant divergence of the velocity field in jc-space,
D(x) == g1/2 V · (g~1/22l · VH) = [g1/2F · (#-1/221)] · VH .

(7)

A necessary and sufficient condition for S to vanish for an arbitrary probability
distribution is therefore that D = 0; i.e.,
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This implies that the dynamics generates a volume-preserving flow in *-space,
since the time rate of change of an infinitesimal Lagrangian volume element ä õ is
Ddv [6]. A sufficient condition for S to vanish is the stronger condition
Ñ·(*- 1/2 *) = 0.

(9)

Non-canonical Hamiltonian systems of physical origin always seem to satisfy
equation (9), provided that g is properly defined. In the special case of canonical
systems, 21 is independent of ÷ and g == l, so that equation (9) is trivially satisfied.
Canonical systems are therefore volume-preserving, as is well known.
When equation (8) or (9) is satisfied, the Liouville equation (4) simplifies to
d(gi/2Q)/dt= VH-W'V(gU2Q) = {H,gV2Q},

(10)

the formal solution of which is
where
L= -

is the noncanonical Liouville operator. The antisymmetry of 91 implies that any
probability density of the form ñ = g~^l2f(H) is a stationary solution of (10)
(i.e., äñ/dt = 0). The canonical equilibrium distribution

(11)
is a special case of such a solution.
We have therefore shown that a necessary and sufficient condition for S to vanish
in non-canonical Hamiltonian systems is that the microscopic dynamics be
volume-preserving. This condition is expressed mathematically by (8), which
involves both 91 and H. The stronger condition of equation (9) involves only
9ß and is sufficient but not necessary for S = 0, but nevertheless seems to be
satisfied in most if not all cases of physical origin.

4. Microscopic reversibility

As is well known, canonical Hamiltonian systems possess time-reversal invariance (TRI) when the Hamiltonian H is an even function of the canonical
momenta [9]. The concept of TRI has been very useful, particularly in
connection with detailed balance and the Onsager reciprocal relations [9,10].
TRI is often considered synonymous with microscopic reversibility, at least for
canonical Hamiltonian systems. However, the appropriateness of this view
(which is essentially a matter of definition) is called into question by the growing
interest in more general dynamical systems which are not of canonical
Hamiltonian form. The concept of TRI is not generally meaningful in such
systems, where the variables do not in general represent coordinates and
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momenta. However, such systems may be characterized as reversible or
irreversible according to other criteria of more general applicability [6,11]. In
particular, the equally venerable but considerably more general concept of
Poincare recurrence [12] is an obvious candidate to replace TRI as a general
criterion for microscopic reversibility. We therefore proceed to examine Poincare
recurrences in the present context.
We have seen that D = 0 is a necessary and sufficient condition for S = 0, so that
systems for which S = 0 must satisfy D = 0. Since our formulation is fully
covariant, we may suppose without loss of generality that the variables
÷ constitute a natural representation with g = 1. (If this is not already the case it
can be accomplished by an appropriate nonlinear transformation of the
variables.) According to equation (7), D then reduces to V · (31 · V¹), and the
condition D = 0 becomes
Ñ · ( 9 ß · Ñ/0 = 0.

(12)

But 3Ú · V His just the velocity field in jt-space, and the vanishing of its divergence
is just the condition on which the Poincare recurrence theorem is based [12].
Equation (12) therefore implies that any previous microstate ÷ will eventually
recur to any desired accuracy. (This presumes, of course, that the microscopic
motion is confined to a finite region of jc-space. Otherwise there are trivial
exceptions; e.g., a free particle.) In systems for which the Gibbs entropy is
constant in time, the microscopic dynamics is therefore reversible in the sense
that the system will eventually return to an arbitrarily small neighborhood of any
previous microstate. This further implies that an H- or Lyapunov function (i.e.,
a continuous function of ÷ which monotonically increases or decreases with time)
cannot exist, for such a function would eventually return as closely as desired to
any of its previous values, contrary to assumption. The motion is therefore
reversible in the ^/-function sense as well. It seems natural to refer to systems
exhibiting Poincare recurrences as reversible in the Poincare-Lyapunov (PL)
sense.
The preceding considerations apply equally well to canonical Hamiltonian
systems as special cases, regardless of whether or not they obey TRI. Thus
canonical systems which violate TRI, such as those considered by Liboff [1], are
nevertheless microscopically reversible in the PL sense. The TRI and PL criteria
of microscopic reversibility are therefore not in general compatible. The latter
seems preferable by virtue of its greater generality.

5. Summary

We have shown that a necessary and sufficient condition for the Gibbs entropy of
a non-canonical Hamiltonian system to be constant in time is that the system
generates a volume-preserving flow in jc-space. Hamiltonian systems of physical
origin always seem to satisfy this condition, provided that the volume element in
Jt-space is properly defined.
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We have also shown that such systems are microscopically reversible in the sense
that they obey the Poincare recurrence theorem, which in turn implies that they
do not possess H- or Lyapunov functions of the microscopic variables. This
result applies to canonical Hamiltonian systems as special cases, regardless of
whether they obey or violate time-reversal invariance (TRI). The usual
characterization of systems lacking TRI as microscopically irreversible therefore
seems inappropriate in two respects: (1) the concept of TRI is not sufficiently
general to apply in all cases of interest, and (2) even in situations where TRI is
meaningful, its absence does not imply irreversibility in the Poincare-Lyapunov
(PL) sense. A distinction should therefore be drawn between microscopic
reversibility and TRI. Indeed, if a singe criterion for microscopic reversibility
were to be adopted, the PL criterion seems preferable by virtue of its greater
generality.
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